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Shortcut methods are a prerequisite for the fast evaluation of alternatives in process 
design. The rectification body method (RBM) for calculating the minimum energy de- 
mand of homogeneous, azeotropic multicomponent distillation processes is presented. 
The new method incorporates both the classical Underwood technique and certain pre- 
uiously proposed techniques as special cases. It employs all pinch point branches of 
both column sections and thus requires no a priori selection of active pinch points. It is 
entirely general and can be applied to any type of split of nonideal and azeotropic 
mixtures irrespective of the number of components. Hence, it significantly extends previ- 
ous results and practical applicability. Its features are highlighted through examples of 
nonideal separations with three, four, and five components. 

Introduction 

There is probably no domain of chemical engineering re- 
search which has attracted more attention than distillation. 
However, in engineering practice the unwieldy procedure ap- 
plied for the design of distillation arrangements usually in- 
volves the detailed specification of the column design (that is, 
the number of trays, location of the feed tray, and reflux ra- 
tio), the analysis of the postulated distillation configuration 
by means of state-of-the-art flowsheeting software and the 
trial and error alternation of the chosen column design. The 
stated methodology leaves the process engineer with the un- 
easy task of deciding whether nonconvergence of the simula- 
tion problem posed is due to bad initial guesses, unlucky 
choices of some of the design variables, or an inherent infea- 
sibility of the specified separation. 

The design of distillation arrangements can effectively be 
segregated into two subsequent steps. Within the first step, 
the manner of interest is to decide whether given a certain 
feed the desired products can be obtained at competitive 
costs. However, flowsheeting packages are not the best choice 
for this task. Rather, calculating the minimum energy de- 
mand of the separation by means of some suitable shortcut 
will provide all the information needed without requiring a 
detailed column design. Zf the minimum energy demand can 
be calculated, there is a strong indication that the specified 
separation is feasible, and if the minimum energy demand is 
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sufficiently low, the capital costs and the energy demand of 
the realized distillation arrangement will be admissible as 
well. This piece of information readily allows a decision con- 
cerning the most favorable distillation arrangement without 
tedious trial-and-error simulations. 

In the second step, the detailed column design can be un- 
dertaken using simulation tools with the reassuring know- 
ledge that this second step has to be performed only a few 
times for feasible designs and that good initial guesses are at 
hand. Alternatively, in current research mixed integer nonlin- 
ear programming (MINLP) techniques are employed for this 
design step (Bauer and Stichlmair, 1996). 

While suitable shortcut techniques for the minimum en- 
ergy demand calculation for ideal mixtures have been avail- 
able for a long time (Underwood, 19481, unfortunately no such 
general shortcut techniques are available for multicomponent 
azeotropic and highly nonideal mixtures. As will be outlined 
in this article, all previously proposed techniques are either 
restricted to certain splits or require some a priori knowledge 
on the separation, which is usually not available prior to rig- 
orous simulation. 

Starting from the established geometrical analysis of the 
separation profiles in multicomponent azeotropic distillation 
(Julka and Doherty, 19901, an extension of a shortcut method 
recently published by the authors (Bausa et al., 1996) is pre- 
sented which is entirely general and applicable to arbitrary 
splits. A detailed presentation of the newly developed tech- 
nique will be given. 
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State of the Art: A Critical Review 
During the last decade, various shortcut methods for the 

prediction of minimum reflux for the distillation of azeotropic 
and nonideal mixtures have been developed. However, these 
techniques are either restricted to certain types of splits or 
require some amount of a priori knowledge on the particular 
separation problem. The method introduced in this article 
intends to set aside these restrictions. Embedding different 
approaches as special cases, it can be considered as a gener- 
alization of the previous work. 

In order to relate the new method to previously proposed 
techniques, a brief overview of these techniques is given. To 
illustrate the methods, a simple separation example of the 
ternary azeotropic mixture acetone/methanol/ethanol which 
exhibits a binary minimum azeotrope will be introduced. The 
residue curve map and the boiling surface of this mixture can 
be found in Figure A1 for further reference. The mixture and 
the type of split were chosen in such a way that all methods 
can be applied. 

Illustrative separation example 
In Figure 1 on the left side the plate-to-plate profiles (see 

Appendix A) of both the stripping and rectifying section un- 
der minimum reflux are shown. The limiting case of a column 
with an infinite number of stages is approximated by a col- 
umn with a very large number of stages (250). Since the feed 
stage must be reached by a plate-to-plate calculation from 
the bottom and from the distillate, both column section pro- 
files have to intersect at that point in composition state space, 
which corresponds to the liquid composition on the feed stage. 
Thus, the dashed part of the stripping profile lying behind 
the point of intersection is not part of the actual column pro- 
file. It can only be reached by a plate-to-plate calculation 
originating at the bottom without introducing the feed. 

For a given product and a variable reboiler/condenser duty, 
pinch point curves can be calculated for each column section 

(see Appendix B). Figure 1 (righthand side) shows that, in 
the rectifying section two and the stripping section three, dif- 
ferent solution branches occur. If the parameter reboiler/ 
condenser duty is fixed, one solution can be determined on 
each branch (if QBD is inside the parameter range of the 
branch). Due to the number of unstable and stable eigenvec- 
tors, these pinch points can be classified as stable or unstable 
nodes or as saddles (see Appendix B for stability and classifi- 
cation of pinch points). The pinch points according to the 
minimum reboiler duty and the corresponding condenser duty 
are marked in both diagrams. These points are fixed points 
of the plate-to-plate recurrence under minimum reflux. It can 
be seen that the course of the plate-to-plate profiles in com- 
position state space is strongly related to the pinch points. 

Boundary value method 
Levy et al. (1985) introduced the boundary value method 

(BVM), which is based on the plate-to-plate calculation of 
column profiles. For fully specified products and an arbitrary 
condenser duty, the profiles of both column sections can be 
determined. Since the reboiler duty was chosen arbitrarily, 
the calculated profiles do not need to correspond to a feasi- 
ble separation. The criterion for the separation to be feasible 
requires the column section profiles to intersect in composi- 
tion state space. The point of intersection corresponds to the 
feed tray and must be a solution to both the stripping and the 
rectifying recurrence. 

To determine minimum reflux with the BVM means to find 
the smallest reflux ratio which makes intersection of both 
profiles possible. In Figure 1 the profile of the rectifying sec- 
tion terminates while touching the profile of the stripping 
section. 

The plate-to-plate profiles exhibit a very high sensitivity for 
the amount of components that nearly vanish in the product. 
A manifold of profiles can be determined and has to be 
checked for intersection, when these components are varied 

Figure 1. Plate-to-plate profiles (left) and pinch point curves (right) at minimum reflux for a ternary separation exam- 
ple. 
For specifications of all examples, see Table 1. 

2182 October 1998 Vol. 44, No. 10 AIChE Journal 



A saddle 
piricn ~ v m s ;  

A saddle 

ri node 

s3 
ethanol SZ methanol 

Figure 2. Manifold of plate-to-plate profiles for the ex. 
ample in Figure 1. 

(see Figure 2, x ~ , ~ ~ ~ ~ ~ ~ ~  = lo-”, Hence, 
not only the minimum reboiler duty, but also the exact amount 
of the trace components, has to be determined in an iterative 
procedure with many manual iterations even though these 
values are of no practical interest. 

The BVM cannot be applied to mixtures with more than 
four components, since the profiles must be checked for in- 
tersection and there is no simple graphical representation of 
the trajectories. However, for up to four components the 
method gives reliable and accurate results and can be used to 
“get a feeling” for the behavior of nonideal distillations. 

Zero-volume criterion 
On the basis of the BVM, Levy et al. (1985) developed an 

algebraic criterion to determine minimum reflux that was ex- 
tended by Julka and Doherty (1990) to the zero-volume crite- 
rion (ZVC). The ZVC uses pinch points to approximate the 
course of plate-to-plate profiles instead of calculating profiles 
repeatedly. The recommended formulation of the criterion 
applied to the example in Figure 1 requires the point i (which 
depends on the feed composition and the VLE on the feed 
plate, but is identical to xF in this case, see Appendix D), the 
pinch s2, and the pinch r l  to lie on a straight line. Other 
formulations would require the pinches sl, s2, and r l  to lie 
on a straight line or, if eigenvectors are used, the pinch r l  to 
lie on the line originating at s2 in the direction of the unsta- 
ble eigenvector. When extended to multicomponent separa- 
tions, the recommended formulation of the criterion requires 
i and C - 1 pinch points to lie in one hyperplane. 

Since the criterion can be checked using a simple determi- 
nant formulation, it can be applied to any number of compo- 
nents. However, the method can be applied only to direct 
and indirect cuts, since the topology of the split (the pinch 
points determining minimum reflux) must be known a priori: 
For the direct cut of a ternary mixture i ,  s l  and 1-2 must be 
used, whereas for the indirect cut 5, s2 and r l  are valid (see 
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Figure 1). For ternary mixtures, Fidkowski et al. (1993) pre- 
sented a criterion to determine if a given separation corre- 
sponds to a direct or an indirect geometry. However, for mix- 
tures with more than three components, corresponding crite- 
ria are missing. In addition, in the case of multicomponent 
mixtures topologies can arise that do not correspond to ei- 
ther a direct or indirect geometry. Thus, most of the conceiv- 
able splits (such as the split AB/CD of a quaternary mixture) 
cannot be taken into consideration. 

Minimum angle criterion 
Kohler et al. (1991) proposed the empirical minimum angle 

criterion (MAC) that requires the angle that is spanned by xF 
and one pinch in each column section to be minimal at mini- 
mum reflux. In our ternary example this criterion is equiva- 
lent to the recommended formulation of the ZVC: The points 
x F ,  s2 and r l  lie on a straight line, thus the angle is zero (see 
Figure 1). However, suitable pinch solutions have to be cho- 
sen carefully, since there are multiple solution branches. 

According to Kohler et al., the MAC can also be applied to 
multicomponent mixtures. Thus, it might be considered as an 
application of the ternary setup of the ZVC to an unre- 
stricted number of components. However, while the ZVC re- 
quires C - 1 pinch solutions and has a physical explanation, 
the MAC must always be applied to only two pinch solutions 
and lacks a physical explanation for more than three compo- 
nents. Since the number of solution branches of the pinch 
equation increases with the number of components, the se- 
lection of the two relevant solutions can be very complicated 
for multicomponent mixtures. 

Using the secant condition at minimum reflux (Appendix 
D), it can be shown that the MAC cannot be applied to sepa- 
rations without a pinch at the feed stage when the feed is not 
introduced as boiling liquid. This restriction can be important 
when columns with side columns are taken into considera- 
tions: Using the decomposition of the complex column into a 
sequence of simple columns proposed by Carlberg and West- 
erberg (1989), the feed state of the second column of the 
analogous sequence will always be subcooled or superheated. 
In addition, for more than three components, most of the 
conceivable splits will have no pinch at- the feed stage. 

Eigenvahe criterion 
Pollmann et al. (1994) presented the eigenvalue criterion 

(EC), which can be considered as a mixture of the BVM and 
the ZVC. In their procedure, only the part of the column 
profile after the pinch point actually occurring is calculated 
using a plate-to-plate algorithm. In Figure 1 this is the pinch 
s2 in the stripping section. However, in an infinite column 
two pinch points will occur in the rectifying section: r2 and 
r l .  Thus, it is not obvious which one to choose, although in 
this case both pinch points will lead to a correct solution. 

When the pinch r l  is chosen, the rectifying profile does not 
need to be calculated, since r l  is a stable node and the recti- 
fying profile terminates in this point. The stripping profile 
calculation starts from a point close to the pinch s2, that is 
located to a small extent in the direction of the correspond- 
ing unstable eigenvector. In the next step the pinch r l  and 
the stripping profile are checked for intersection. The mini- 
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mum reflux condition is achieved at the smallest reflw ratio, 
which makes the intersection possible. In Figure 1 the crite- 
rion requires the pinch r l  to lie on the column profile be- 
tween s2 and sl .  

Since Pollmann (1995) presented an optimization proce- 
dure to perform the checkup for the intersection, the EC can 
be applied to any number of components. However, the se- 
lection of the pinch points actually occurring in the column 
profile is not a simple task. Frequently, the active pinches 
cannot be determined solely from the product specifications, 
as will be shown later. In this case the column profile, which 
is, of course, not available at this stage, needs to be analyzed 
in order to determine the loci of the trajectories and the rele- 
vant subset of active pinch points. 

When more than one unstable eigenvector exists in one 
pinch point, a manifold of profiles can be calculated. For 
multicomponent mixtures, multidimensional manifolds of col- 
umn profiles have to be calculated and checked for intersec- 
tion. Thus, the computational effort will increase drastically 
for higher numbers of components. 

To tackle this problem Pollmann et al. (1994) proposed ap- 
proximate column profiles using the unstable eigenvectors. 
This formulation of the EC is equivalent to a special formula- 
tion of the ZVC. Applied to Figure 1, the criterion requires 
the pinch r l  to lie on a straight line through the pinch s2 in 
the direction of the unstable eigenvector. However, this for- 
mulation is even more sensitive for the correct selection of 
pinch points. Although the pinches r2 and s2 will occur in an 
infinite column under minimum reflux, they cannot be used 
to apply the criterion, since each pinch has an unstable 
eigenvector and, thus, the EC would only require two straight 
lines to intersect, which is always fulfilled for nonparallel 
eigenvectors. (The rectifying profile is approximated by a 
straight line through r2 and the stripping profile by a straight 
line through s2 in the direction of the corresponding unstable 
eigenvector.) Besides, using an incorrect pair of pinches (such 
as sl  and r2), the criterion can be satisfied but still can lead 
to an incorrect result. 

New Criterion to Determine Minimum Reflux 
The new procedure introduced in this article is based on a 

geometrical analysis of plate-to-plate profiles. After fixing all 
product compositions, the amount of the trace components 
has to be set to a nonzero value, since all feed components 
have to appear in both products in a finite column. When the 
concentration of the trace components is varied below the 
allowed impurity, a manifold of plate-to-plate profiles can be 
calculated for each reflux ratio (see Figure 2) .  Using the BVM 
would require checking all profiles for intersection. Rather 
than calculating the manifold of plate-to-plate profiles, the 
new method approximates the manifold using all available in- 
formation. 

The first piece of information is, of course, that all profiles 
originate at the given product composition. The next piece of 
information that can be obtained is the pinch points for a 
specified reflux ratio. Figure 2 shows that the plate-to-plate 
trajectories are strongly related to the pinch points. Thus, the 
information about the number, the position, the type, and 
the thermodynamic properties of the pinch points will be used 
for an approximation of the profiles. 

Ordering of pinch points 
An analysis of plate-to-plate profiles leads to the fact that, 

under minimum reflux, all profiles will touch one or more 
pinch points. However, how must the pinch solutions be or- 
dered to obtain paths that correspond to plate-to-plate pro- 
files? For this task, the information of the eigenvalues that 
describe the behavior of the profiles in the vicinity of the 
pinch can be used: 

Unstable Nodes: If all eigenvalues are greater than unity, 
the column profile will always leave the pinch point. Thus, 
the pinch can only be a point of the trajectory, if the trajec- 
tory originates in this point. However, in this case the pinch 
is identical to the product composition and supplies no fur- 
ther information (pinch s3 in Figure 2). Thus, unstable nodes 
do not need to be considered. 

If all eigenvalues are smaller than unity, the 
profile will always approach the pinch. Thus, a stable node 
can only be the final point of the trajectory (pinches s l  and 
rl  in Figure 2). 

Saddles: If there are eigenvalues smaller and greater than 
unity, the profile will approach the pinch in one direction 
(which is a linear combination of the stable eigenvectors), but 
will leave the pinch in another direction (a linear combina- 
tion of the unstable eigenvectors). Thus, a saddle point can 
only occur in the middle part of a profile (pinches s2 and r2 
in Figure 2). 

This can be generalized to the following rule: The number 
of stable eigenuectors in the pinch points touched by each plate- 
to-plate profile must increase strictlv monotonously. Applied to 
the stripping section in Figure 2, we obtain two relevant paths: 
B-s2-sl and B-sl. The starting point of the trajectory is fixed 
through the given product composition x B  = xc3. The pinch 
s l  is the only stable node; thus, it must be the final point of 
all trajectories. Since s2 is a saddle, it can only occur between 
B and sl. Figure 2 shows that for both paths corresponding 
plate-to-plate profiles exist. 

Stable Nodes: 

Checking for thermodynamic consistency 
Since only local information of the mixture (VLE and en- 

thalpy data) in the vicinity of the pinch points was used to 
generate the paths, the existence of corresponding trajecto- 
ries cannot be guaranteed. Thus, it would be desirable to 
check the paths at least for consistency, although this will not 
guarantee that corresponding trajectories exist. 

It has been stated in literature that the temperature profile 
of a column must always be monotonously increasing from 
the top to the bottom for all reflux ratios (Stichlmair, 1Y88) 
or at least for total reflux (Pollmann et al., 1996; Van Don- 
gen and Doherty, 1984). Thus, one might think that checking 
the temperature profile of a path might be used as a check 
for consistency. However, to the authors’ knowledge there is 
no physical foundation for the strict monotony of the temper- 
ature profile at finite reflux. In addition, it turned out that 
examples can be found where the temperature profile has 
local extrema (cf. the subsection on highly nonideal topology). 

However, first principles give rise to a very simple check 
for thermodynamic consistency: Using an entropy balance, the 
entropy production in the column section between product 
withdrawal and pinch can be calculated, since all streams 
leaving and entering are given 
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Due to the second law of thermodynamics, Sirr must always 
be positive. Thus, paths that lead to a negative value of Sirr 
do not correspond to plate-to-plate profiles. 

For a vanishing driving force in the reboiler and con- 
denser, the entropy production in the stripping section be- 
tween bottom and pinch si can be calculated by 

QB 

T B  
S$ = V,,S: - L,,s$ + Bs, - -, 

and in the rectifying section between head and pinch ri by 

acetone pinch 
A saddle 

where TH and To are the boiling temperatures (K) of the 
products. 

The entropy production must be positive in each part of 
the column. Thus, Sirr for the first pinch must be positive and 
the series of Sirr of all pinch points must increase strictly 
monotonously. Applied to the stripping section in Figure 2 
the two possible paths require 

However, the first claim includes the second and both are 
fulfilled in this case. Thus, both paths are thermodynamically 
consistent. 

Rectification bodies 
The generated paths can now be used to approximate the 

manifold of column profiles. Figure 2 shows that the mani- 
fold of trajectories in the stripping section is enclosed by the 
two possible paths. Since the points of the second path B-sl 
are a subset of the points of the first path B-s2-sl, the trian- 
gle that is built by all points of the first path can be used as 
an approximation of the manifold of trajectories. This trian- 
gle shall be named rectifcution body (see Figure 3). 

In the rectifying section only two pinch points exist. This 
also leads to two possible paths: D-rZi-1 and D-rl. Checking 
the entropy production proves that both paths are thermody- 
namically consistent. Thus, the triangle ( D ,  r2, r l )  can be 
used as an approximation for the manifold of the rectifying 
profiles. Although, in opposition to the stripping section, only 
a part of the rectifying body is covered by the trajectories, the 
triangle is a good approximation for the column profiles in 
the area where the intersection of rectifying and stripping 
profiles takes place. 

Now, instead of checking the manifolds of trajectories for 
intersection, the rectification bodies are considered. If they 
intersect, there should also be intersecting profiles; thus, the 
separation is feasible. 

To determine minimum reflux with the new criterion means 
to find the smallest reflux ratio that makes intersection of 
both simplexes possible. If they do not touch at all, the sepa- 

Figure 3. Geometric approximation of the manifold of 
plate-to-plate profiles at minimum reflux 
through rectification bodies. 

ration is below minimum reflux (Figure 4, left). If they pene- 
trate each other, the separation is feasible with the specified 
reflux ratio, but above minimum reflux (Figure 4, right). Us- 
ing a bisection algorithm, the minimum energy demand that 
allows the rectification bodies just to touch can be deter- 
mined (Figure 3). 

The criterion can be applied to an unrestricted number of 
components: Although the check for intersection of the recti- 
fication bodies can be done graphically only for mixtures with 
up to four components, a mathematical check for intersec- 
tion can be applied to any dimension and thus to any number 
of components. 

In the case of a direct or an indirect split a special formu- 
lation of the ZVC that requires C pinch points to lie in a 
hyperplane is equivalent to the new criterion. (In Figure 1 
the pinches sl, s2, and r l  would be required to lie on a straight 
line). Besides, the new criterion can be considered in analogy 
with the graphical representation of Underwood’s method 
(see Kohler et al., 1995), with the difference that pinch points 
with negative concentrations are replaced by the product 
composition. 

Highly nonideal topology 
Although the mixture in the last example exhibits an 

azeotrope, its behavior and the topology of pinch points and 
plate-to-plate profiles is very similar to an ideal mixture. 
However, even in the ternary case, topologies of higher com- 
plexity can occur. 

Figure 5 shows an example for the mixture acetone/chloro- 
form/benzene (see Figure Al) where additional pinch point 
curves occur due to nonideal behavior of the mixture. At 
minimum reflux, four pinch points can be determined for the 
rectifying section: r3 = D, r2, rla, and rlb. Ordering by the 
number of stable eigenvectors leads to four possible paths: 
D-r2-rla, D-rla, D-r2-rlb, and D-rlb. These paths corre- 
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Figure 4. Rectification bodies below and above minimum reflux. 

spond to two rectification bodies and manifolds of column 
profiles as can be seen in Figure 6. Thus, in this case not only 
one, but a set of rectification bodies (the triangles ( D ,  r2, 
r la) and ( D ,  r2, rlb)) approximate all possible profiles. 

In the next step, the two paths are checked for thermody- 
namic consistency. This check can be visualized through the 
entropy production surface: For the given product and con- 
denser duty each point in the composition triangle is re- 
garded as the liquid composition on an imaginary plate of the 
column. Then, using energy and component balances and the 
information that all streams in the column are at bubble or 
dew point, the vapor and liquid streams passing each other 
inside the column at this virtual plate are calculated 

Now, assuming a reversible condenser ( A T  = 01, the entropy 
production inside the control volume can be determined us- 
ing 

(8) 
QD 

T D  
Sirr = - VsV+ Ls'- + Ds, - -. 

Figure 5. Pinch point curves, pinch points, and rectification bodies at minimum reflux for the rectifying section (left) 
and the stripping section (right). 
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Figure 6. Rectification bodies and manifold of column 
profiles at minimum reflux. 

Figure 7 shows the entropy production surface and the mani- 
fold of plate-to-plate profiles for the rectifying section at 
minimum reflux. Since entropy production must he positive 
on each tray, the plate-to-plate profiles must always go up- 
hill, which is fulfilled by all profiles. Due to this restriction, it 
is intuitively comprehensible that the profiles will never cross 
the ridge between r la  and rlb, which is nearly identical with 
the lower boundary of the two rectification bodies of the rec- 
tifying section. Besides, it is obvious that both paths are ther- 
modynamically consistent, since the entropy production at the 
pinch r2 is positive and smaller than the entropy production 
at r la and rlb. 

It can be shown that the condition dSirr = 0 is equivalent 
to the pinch equations (the symbol d denotes a variation of 
first order, see Appendix E). Thus, the local extrema and 

Figure 7. Entropy production surface and plate-to-plate 
profiles for the rectifying section under mini- 
mum reflux. 

I t s i m  

Figure 8. Entropy production surface and plate-to-plate 
profiles for the stripping section under mini- 
mum reflux. 

saddle points of the entropy production surface correspond 
to pinch points. (Note that in Appendix E Sir, was regarded 
as a function of li, uj, T L ,  and TV, whereas in Figures 7 and 
8, Sir, is a function of x1 and x 2  only. Thus, the gradient is 
not always zero at pinch points (such as rlb)). In addition, 
the type of extremum corresponds to the type of pinch: A 
minimum corresponds to an unstable node, a saddle to a sad- 
dle-type pinch, and a maximum to a stable node. 

This demonstrates clearly that the full information about 
the VLE is included in the entropy model. Thus, care must 
be taken to use consistent models for the calculation of VLE 
and entropy data. Otherwise, the check of the entropy pro- 
duction may lead to the result that a special path is infeasi- 
ble, although a corresponding plate-to-plate profile exists. 
Note that inconsistencies may arise from the use of inde- 
pendent models for vapor pressure, heat of vaporization, and 
molar volume, since the models will in general not fulfill the 
Clausius-Clapeyron equation 

dp, AhVAP 
d T  T(vV- u L ) .  

(9) -= 

It is an interesting property of the separation example con- 
sidered that the column temperature profile is not 
monotonously increasing from top to bottom. Not only plate- 
to-plate trajectories following the path D-r2-rlb, but also the 
column profile (rectifying and stripping section) exhibit a lo- 
cal maximum in the vicinity of the pinch r2. [The tempera- 
tures at the fixed points and product withdrawals are: tB(x , )  
= 56.24"C, tB(x, , )  = 64.88"C, tB(~, , , )  = 61.82"C, t B ( x S 1 , )  = 
64.03"C, t B ( x S 2 )  = 70.47"C, t B ( x B )  = 76.90"C.l However, it is 
not clear if this behavior corresponds to a physical phe- 
nomenon or if it was caused by uncertainties in the thermo- 
dynamic model parameters. Ewe11 and Welch (1945) reported 
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a similar phenomenon while experimentally investigating the 
same mixture by employing a batch distillation system with a 
packed tower. They found local extrema in the temperature 
profile of the overhead vapors (see Doherty and Perkins 
(1978) for an interpretation of that work). 

In the stripping section three pinch points can be deter- 
mined that form four possible paths: B-s2-sla, B-sla, B-s2- 
slb, and B-slb (see Figure 5, right). Checking the entropy 
production leads to the fact that all paths are consistent (see 
Figure 8). Thus, the rectification bodies ( B ,  s2, sla) and ( B ,  
s2, slb) are used to approximate the manifold of stripping 
profiles (see Figure 6). 

Now, the sets of rectification bodies are checked for inter- 
section. In this example, four combinations must be consid- 
ered. If intersection is found, there should also be intersect- 
ing profiles and the separation is feasible. Hence, to find 
minimum reflux means to find the smallest reflux ratio where 
intersection occurs. It can be seen in Figure 6 that the trian- 
gles (D,  1-2, rlb) and ( B ,  s2, sla) just touch at minimum 
reflux. Thus, trajectories corresponding to D-r2-rlb and B- 
s2-sla (or subpaths of these) will exist at minimum reflux, 
which is true, as can be seen in Figure 6. 

Applying the ZVC, MAC or EC to this example, the in- 
creased number of pinch points must be taken into account 
and suitable pinch points must be selected (such as s la  and 
not s2 must be used in the stripping section for the ZVC and 
MAC). Since these methods include no automated ordering 
of pinch points, the correct set of active pinch branches must 
be determined a priori typically by some rigorous simulations. 

Rectification body method (RBM) 
The novel procedure to determine minimum reflux can be 

summarized as follows: 
(1) Specify, consistently, composition, flow rate, and ther- 

mal state of the feed and all products and the column pres- 
sure. 

(2) Calculate all branches of the pinch equation for both 
column sections. 

(3) Estimate the reboiler duty. 
(4) Calculate the condenser duty using an energy balance 

for the whole column. 
(5) Determine all pinch points on the pinch point curves 

of the rectifying section corresponding to the condenser duty. 
(6) Generate all possible paths: Each path consists of the 

product composition as the first point and pinch points with 
an increasing number of stable eigenvectors. Exclude paths 
that contain an unstable node or do not contain a stable node. 

(7) Check for thermodynamic consistency: Calculate the 
entropy production for each pinch, then exclude paths where 
the entropy production of the first pinch is negative or which 
do not increase strictly monotonously. 

(8) Determine the set of rectification bodies correspond- 
ing to all paths, that are not subpaths to other paths. 

(9) Work out the set of rectification bodies of the stripping 
section analogously to Steps 5-8. 

(10) Check all members of both sets for intersection against 
each other. 

(1 1) If there are intersecting rectification bodies decrease 
the reboiler duty, if not, increase the reboiler duty. If the 
accuracy requirement is met, stop, otherwise go to Step 4. 
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Since all pinch points are used, no a priori selection of 
relevant pinch solutions is required. This is essential for mul- 
ticomponent separations, when the topology and the occur- 
rence of pinch points is not known a priori. The topology of 
the separation is taken into account by using the information 
of the pinch points and the geometry of the rectification bod- 
ies. 

Due to the ordering of pinch points, it is guaranteed that 
each rectification body consists of at most C points. Since the 
composition state space has C - 1 degrees of freedom, the 
rectification bodies will always be convex. Thus, a very simple 
and fast procedure that is valid for any dimension can be 
used to check the rectification bodies for intersection, allow- 
ing the application to separations with an unrestricted num- 
ber of components. 

Only in the case of tangent pinches pinch solutions are dis- 
charged. In the case of a tangent pinch three pinch points 
can be determined on one pinch point curve, if the con- 
denser/reboiler duty lies in the interval between the two local 
extrema. However, according to our experience and the liter- 
ature only the pinch nearest to the product will affect the 
separation. Hence, only the first pinch on each pinch point 
curve is used, as proposed by Fidkowski et al. (1991). If the 
absolute value of the heat exchanger duty exceeds the mini- 
mum/maximum, there is again only one solution that is lo- 
cated after the extrema. Thus, the pinch will make a jump 
and the rectification body will expand greatly. If the intersec- 
tion is determined directly after this jump, minimum reflux is 
controlled only by the tangent pinch and the rectification 
bodies will not only touch but cut into another. Note, that the 
heuristic to use only the pinch nearest to the product compo- 
sition could be avoided if the region of attraction of each 
pinch is determined. In nonlinear dynamics, procedures have 
been proposed for this task (such as Kreuzer, 1987). How- 
ever, their computational demand makes them unsuited for a 
shortcut procedure. 

In the examples presented in this article none of the gener- 
ated paths were excluded due to a negative entropy produc- 
tion. However, topologies which lead to thermodynamically 
inconsistent combinations of pinch points are conceivable. 
Consider an entropy production surface similar to Figure 7, 
but with a third local maximum rlc on the ridge between r la  
and rlb. In this case the entropy production will have two 
saddles r2a and r2b between the maxima. Now, in opposition 
to Figure 7, the entropy production corresponding to, for ex- 
ample, saddle r2a can be higher than the entropy production 
corresponding to, for example, rla. Using only local informa- 
tion at the pinch points (such as the type of pinch), the path 
D-r2a-r1a seems to be feasible, whereas the entropy produc- 
tion criterion proves the path to be infeasible in a very simple 
way. 

Limitations 
The RBM requires the specification of feasible products. 

To determine feasible products, various procedures have been 
proposed in literature (such as Fidkowski et al., 1993; Poll- 
mann et al., 1996; Safrit and Westerberg, 1997). If the speci- 
fied products are not attainable by distillation (such as due to 
the presence of a separatrix), the RBM will lead to the result 
that no intersecting rectification bodies can be found. 
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Since the rectification bodies are only a linear approxima- 
tion of the curved plate-to-plate trajectories (see Figures 2 
and 61, the results of the shortcut are not identical with the 
results obtained by the BVM. However, accuracy could be 
increased by using the direction of the eigenvectors in the 
pinch points to define rectification bodies with a curved sur- 
face. Since the computational effort will increase clearly and 
the accuracy of linear approximations is sufficient in most 
cases, up to now the information of the eigendirections is not 
used. 

In the case where the desired products contain all species, 
only one pinch can be found for each column section and the 
rectification bodies are finite straight lines that intersect at 
the feed pinch, one of the pinch points. Thus, the actual col- 
umn profile will never reach the other pinch and there is no 
pinch in the corresponding column section. Since the finite 
straight line is a rather poor approximation for the curved 
profile of this section, the minimum reflux estimation will also 
be relatively inaccurate. However, the described split can only 
be performed in a column with a finite and fixed number of 

plates in the column section, where no pinch occurs. If the 
number of plates is increased, the products will become bet- 
ter than the specifications. Thus, it is questionable if the de- 
scribed split corresponds to a minimum reflux situation. 

Applications 
In this section the RBM will be applied to different sepa- 

ration examples with three, four, and five components. A 
comparison of the minimum energy demand determined with 
ASPEN PLUS, the BVM and the RBM for all examples can 
be found in Table 1. 

Ternary systems 
Example 1. For the ternary examples, the mixture ace- 

tone/chloroform/diisopropyl-ether, which exhibits three bi- 
nary azeotropes (see Figure Al) was chosen. This split is of 
the type AC/BC that can only be achieved due to the occur- 
rence of azeotropes. 

Table 1. Comparison of ASPEN PLUS, the BVM and the RBM ( p  = 1.013 bar)* 
Specification QB,mln/F (106J/kmol) 

X F  UF D/F ASPEN BVM RBM 
XD UD 

Figures XR U R  

1,2, 3, 4 0.35/0.15/0.5 
0.7/0.3/0 
0/0/1 

0 0.5 47.0 46.0 46.8 
0 
0 

5 ,  6, 7, 8 0.46/0.1026/0.4374 
1/0/0 
0/0.19/0.81 

0 0.46 44.5 44.4 44.4 
0 
0 

9 0.2/0.2/0.6 
0.4/0/0.6 
OM.4M.6 

1 0.5 33.2 32.7 32.7 
0 
0 

+ 10 0.483D.15 1P.367 1 0.7 13.7 21.2 - 
0.69/0/0.3 1 0 
0/0.5/0.5 0 

0.4/0.4/0.2/0 0 
0/0/0.3/0.7 0 

0.4/0.4/0.2/0 0 
0/0/0.3/0.7 0 

11 and 13 0.28/0.28/0.23/0.21 1 0.7 13.3 13.2 13.5 

11 and 12 0.28/0.28/0.23/0.21 1 0.7 30.5 30.3 30.3 

14 and 15 0.3/0.3/0.2/0.2 0 0.605 71.5 67.8 67.6 
0.4958/0.4876/0.0165/0 
1.5E-6/0.0127/0.4810/0.5063 

48.8 ** - Example 5a 0.2/0.2/0.2/0.2/0.2 0 0.4 48.6 
0.5/0.5/0/0/0 0 
0/0/0.33/0.33/0.33 0 

0.33/0.33/0.33/0/0 0 
0/0/0/0.5/0.5 0 

67.7 ** - Example 5b 0.2/0.2/0.2/0.2/0.2 0 0.6 67.4 

Example 5c 0.2/0.2/0.2/0.2/0.2 
0.33/0.33/0.33/0/0 
0/0/0/0.5/0.5 

12.5 ** - 1 0.6 12.7 
0 
0 

*The results of the BVM can be considered as a reference since the number of stages during simulation was high ( N  = 200 ... 300) and the same 
physical property routines as for the RBM were used. There are two reasons for the ASPEN PLUS results to differ from the BVM results: (1) The 
results of ASPEN PLUS are in most cases slightly higher than the results of the BVM and the RBM since the number of stages in ASPEN PLUS is 
limited ( N  5 150) in order to achieve convergence; (2 )  There are some differences in the formulation and the parameters used for physical property 
calculations by ASPEN PLUS and the BVM. 
The BVM cannot be applied to systems with five components since the profiles cannot be checked for intersection visually. ** 

+Convergence was not achieved. 
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ether ether 

Figure 9. Ternary separation example: Pinch curves and rectification bodies (left) and plate-to-plate profiles for the 
reboiler duty determined with the RBM (right). 

Figure 9 shows that for each column section two solution 
branches of the pinch equation exist. At minimum reflux, 
there are two consistent paths in each column section (D-r2-r1 
and D-rl or B-sZsl and B-sl, respectively), leading to the 
rectification bodies (D, r2, r l )  and ( B ,  s2, s l ) .  The mini- 
mum reflw condition is achieved when the two triangles just 
touch. The right diagram in Figure 9 and the results in Table 
1 show that the BVM leads to the same result. 

Other methods can only be applied to this example if the 
relevant solution branches are known and if it is clear that 
the pinch r l  rather than s l  will occur at the feed stage [such 
as using the criterion proposed by Fidkowski et al. (1993) for 
ternary mixtures]. Since the feed was not introduced as boil- 

ing liquid, the ZVC and the MAC must be applied to the 
point X instead of x F .  The EC requires r l  to lie on the strip- 
ping profile between s2 and sl, or, when the linear approxi- 
mation is used, to lie on a straight line through s2 in direc- 
tion of the unstable eigenvector (not shown in Figure 9). All 
three methods will lead to nearly the same result, if the rele- 
vant solution branches are known a priori. 

This split is also of the type AC/BC, but takes 
place in another concentration region. A comparison of Fig- 
ure 10 and Figure A1 shows that the column profile crosses 
the distillation boundary formed by the residue curve be- 
tween the azeotropes acetone/chloroform and chloroform/ 
diisopropyl-et her. 

Example 2. 

)( section + node 
D 

azeotrope 3 

r2 

\ /  \ 

diisopropyl- 
ether azeotrope 

I 

s2 chloroform 

acetone 

D A 

ether 

Figure 10. Rectification bodies and column profiles for the second ternary example. 
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toluene inch tvoes; 
saddle 

Figure 11. Pinch point curves for the quaternary exam- 
ple 1. 

In this case the column profile of the rectifying section that 
will prevail under minimum reflux is strongly curved. Thus, 
the linear approximation via pinch points is poor and the 
minimum energy demand is overestimated. However, other 
methods that use linear approximations will have the same 
problems. A higher accuracy can only be obtained when ei- 
ther column profiles are calculated (BVM and EC using 
plate-to-plate profiles) or if the information of the eigenvec- 
tors is used to define curved rectification bodies. 

Qwtemury systems 
When extended to quaternary systems, rectification bodies 

cannot only be triangles, but also tetrahedrons, depending on 
the number of pinch points. 

Example 1. In this example the split M/CD of the mix- 
ture acetone/diisopropyl-ether/benzene/toluene is analyzed. 
Pinch point curves for both column sections are shown in 
Figure 11. 

Figure 12 shows the rectification bodies and column pro- 
files at minimum reflux for a liquid feed. In the rectifying 
section the two pinch points r l  and r2 and the distillate com- 
position form a triangle. In the stripping section four pinch 
points can be determined, forming a set of rectification bod- 
ies consisting of the tetrahedrons ( B ,  s3, s2a, s l )  and ( B ,  s3, 
s2b, sl) .  At minimum reflux, the lower surface of the tetrahe- 
dron ( B ,  s3, s2a, s l )  is just touched by the vertex of the 
rectifying sections triangle. 

Since the rectification bodies are used as an approximation 
of the profiles, their point of contact corresponds to the in- 
tersection of the plate-to-plate profiles and thus to the feed 
tray. Figure 12 shows that the point of contact is achieved at 
the pinch r l  that will occur in the column profile at the feed 
tray. 

Figure 13 shows the rectification bodies for the separation 
specified in Figure 11 but with a vapor feed. Since the en- 
thalpy of the feed is different, the energy balance for the 
whole column gives a different condenser duty for a specified 
reboiler duty. Although the products, the feed composition 
and the pinch curves are identical in both cases, the different 
feed state results in a qualitatively different separation: In 
Figure 13 the triangle touches one edge of the tetrahedron 
with one of its sides at minimum reflux. Thus, there is no 
pinch at the point of contact and no pinch will occur in the 
column profile at the feed stage. Since in both cases the spec- 
ification of flow rate and composition of all streams were 
identical, the occurrence of pinch points cannot be deter- 
mined based on this information. While in the ternary case 
the topology of a separation can be determined using a sim- 
ple criterion (Fidkowski et al., 19931, this is not possible in 
the quaternary case. 

The BVM can be used to determine minimum reflux in 
both cases, but with a high effort. If the occurrence of pinch 

1 

pinch at feed tray 

nzene 

Figure 12. Quaternary example 1: rectification bodies and column profiles for a liquid feed at minimum reflux. 
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toluene toluene 

nzene 

Figure 13. Quaternary example 1: rectification bodies and column profiles for a vapor feed at minimum reflux. 

points is known a priori, the ZVC can only be applied in the 
case of a feed pinch. Since the MAC relies on the secant 
condition, it cannot be applied to Figure 13 where no feed 
pinch occurs and the feed is not introduced as boiling liquid 
(see Appendix D). However, since there is no physical expla- 
nation for its applicability for more than three components, it 
also seems questionable if the MAC can be applied to Figure 
12. The EC can be applied in both cases, but only if the rele- 
vant pinch points are known. In Figure 13 the plate-to-plate 
calculations must be initiated in r2 and s2, whereas in Figure 
12 r l  and s3 must be used. 

This example has been taken from Kohler et 
al. (1994, Table 3, No. 9) and has also been treated by Poll- 

Example 2. 

mann (1995). It shows clearly the problems connected with 
the selection of pinch solutions especially for nonideal mix- 
tures. Since the column section profiles in Figure 14 inter- 
sect, the separation is obviously feasible, which was also veri- 
fied using ASPEN PLUS. 

However, using the EC, Pollmann found the separation to 
be infeasible. In opposition to Kohler et al. (1994) he sets 
x ~ , ~ ~ ~ ~ ~ ~ ~  = 0. Thus, chloroform is the light key and Pollmann 
concludes that the ternary stripping pinch (slb) must be used 
for the EC, which would have been true for an ideal mixture. 
Since there is no unstable eigenvector in this pinch, the EC 
yields the separation to be infeasible. (If the plate-to-plate 
profile reaches slb it will terminate there since slb is a stable 

acetone acetone 
unstable eisnvedors: 

- 4 - saddle 

+ node 

e 

toluene toluene 

Figure 14. Quaternary example 2: pinch curves, pinch points (left) and column profiles (right) under minimum reflux. 
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point of 
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Figure 15. Rectification bodies according to the quater- 
nary example 2. 

node.) Using x ~ , ~ ~ ~ ~ ~ ~ ~  = 1.5 X and stating acetone as the 
light key he would have found that the pinch s la  has to be 
used, which also has no unstable eigenvector and leads to the 
same result. Due to the nonideal behavior of the mixture the 
quaternary pinch s2, which has one unstable eigenvector, has 
to be used for the EC and would probably lead to the correct 
result. However, this information cannot be found based only 
on the product composition. 

Figure 15 shows the application of the RBM to this separa- 
tion example. In the stripping section three pinch points can 
be determined that form a set of two rectification bodies (the 
triangles ( B ,  s2, sla) and ( B ,  s2, slb)). In the rectifying sec- 
tion two pinch points and the distillate composition also form 
a triangle. At minimum reflux, one of the stripping and the 
rectifying triangle touch each other at their sides. 

The minimum energy demand was calculated using AS- 
PEN PLUS, the BVM and the RBM (see Table 1). The re- 
sults obtained by Kohler are QB/F = 67.1 X lo6 J/kmoI for 
ASPEN PLUS and QB/F = 64.7 X lo6 J/kmol for MAC. 
However, it is not clear which pinch points were used and 
how they were selected. The ZVC cannot be applied to this 
split since it is neither a direct nor an indirect split. 

Systems with five components 
The RBM can be applied to mixtures with five components 

in the same way as to ternary and quaternary mixtures. Un- 
fortunately, there is no simple graphical representation of the 
pinch curves, pinch points and column profiles; thus, it is not 
possible to discuss the separations in detail or to apply the 
BVM. However, minimum reflux can be determined with the 
RBM and compared with the results obtained by ASPEN 
PLUS. 

For Examples 5a and 5b, the system ethanol/i-pro- 
panol/propanol/i-butanol/butanol was chosen and, for 5c, 
acetone/chloroform/benzene/toluene/p-xylene was chosen. 
The type of split is AB/CDE (5a) and ABC/DE (5b, 5c). 

Since there are no direct or indirect cuts, the ZVC cannot be 
applied. Due to the considerations in Appendix D, it is ques- 
tionable if the MAC can be applied to these separations, even 
if the relevant pinch solutions are known. If they are known, 
it should be possible to use the EC to determine minimum 
reflw for all three examples. 

Conclusions 
The rectification body method (RBM), a novel shortcut 

technique for the calculation of the minimum energy demand 
of nonideal and azeotropic distillations, has been developed. 
The method is entirely general and can be applied to any 
arbitrary separation without limitations regarding the num- 
ber of components or the type of split. In contrast to previous 
techniques, the RBM is well suited for separations with one 
or several distributing components when the type of the con- 
trolling pinch points can no longer be concluded from the 
knowledge of the specified products alone. In particular, the 
RBM can be applied in a straightforward manner to separa- 
tions which are neither a direct nor an indirect split. 

It is a particular characteristic of the RBM that it does not 
require any apriori knowledge on the type and number of 
pinch points prevailing in the separation under considera- 
tion. Neither the information concerning which pinch solu- 
tions will occur in the column profile nor whether there is a 
pinch at the feed stage is necessary to apply the RBM. In- 
stead, all solutions of the pinch equations are exploited for 
the determination of the minimum energy demand. Using the 
information of the eigenvalues and thermodynamic data, 
pinch points are ordered to generate paths that approximate 
the column profile. If the number of pinch solutions in- 
creases due to bifurcations, these pinch points can also be 
used in a straightforward manner. The topology and thus the 
type of split is taken into account through the geometric cri- 
terion. However, all other methods to determine minimum 
reflux based on pinch points need to be applied only to spe- 
cial pinch solutions. Thus, they require an a priori selection 
of pinch solutions, which in many cases is not possible due to 
the unknown topology (quaternary example 1) or nonideal 
behavior of the mixture (quaternary example 2). For more 
than four components, this problem is even harder to solve, 
since qualitatively new types of splits may occur and pinch 
curves, pinch points, and column profiles can no longer be 
visualized. 

The RBM can be considered as a generalization of certain 
previously proposed techniques. The Zero Volume Criterion 
by Julka and Doherty (1990) for direct and indirect splits can 
be considered as a special case. Further, the RBM reduces to 
the classical Underwood technique in case of ideal separa- 
tions. 

As the numerical implementation of the RBM is extremely 
fast and robust, computation time is negligible. The method 
is capable .to account for superheated or subcooled feeds in a 
natural way without any additional computational burden. 
The comparison of the RBM to results obtained by rigorous 
simulation shows excellent agreement even for a suite of no- 
torious examples where previous techniques are known to fail. 

It has to be stated that a necessary prerequisite of all mini- 
mum energy shortcut calculation methods is the specification 
of feasible products. Finding feasible products for azeotropic, 
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multicomponent mixtures can be rather involved, in particu- 
lar when a graphical visualization of the residue curve map is 
no longer possible. It is another-maybe the most 
valuable-benefit of the new shortcut technique to indicate 
the feasibility of a certain product specification once the pinch 
lines have been calculated. Trying to resolve this problem us- 
ing rigorous simulation tools leaves the user with the cumber- 
some problem to assess whether nonconvergence is due to 
bad initial guesses or to an inherent infeasibility of the simu- 
lation problem posed. Note that azeotropic distillation simu- 
lations are rather demanding in terms of initial guesses. 

Due to its sound theoretical basis, its excellent perform- 
ance, and its relatively simple use, we believe that the method 
proposed constitutes a mature foundation for a comprehen- 
sive toolkit of minimum energy shortcut methods for 
azeotropic and highly nonideal mixtures. Thus, in our future 
publications the method will be extended to certain complex 
distillation arrangements. 
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Notation 
B =bottom product flow rate, kmol/s 
C =number of components 
D =distillate flow rate, kmol/s 
F =feed flow rate, kmol/s 
h =molar enthalpy, J/kmol 

H = enthalpy stream, W 
I ,  =liquid flow rate of component i ,  kmol/s 
L =liquid flow rate, kmol/s 
p =pressure, bar 

p o  =vapor pressure of a pure component, bar 
q =thermal state (1 = liquid, 0 = vapor) 
Q =energy, W 
s =molar entropy, J/(K kmol) 
S =entropy stream, W/K 
t =temperature, “C 
i =parameter of the residue curve 

T =temperature, K 
u =molar volume, m3/kmol 
u =vapor fraction, kmol/kmol 
u, =vapor flow rate of component i ,  kmol/s 
V =vapor flow rate, kmol/s 
x ,  = liquid-phase composition, kmol/kmol 
y ,  =vapor phase composition, krnol/kmol 

Subscripts 
B =bottom 
D =distillate 
f = feed tray 
F =feed 
i =component 

irr =irreversible 
n =tray 
P =pinch point 

Superscripts 
B =bubble point 
D =dew point 
L =liquid phase 
V =vapor phase 

VAP =vaporization 
* =equilibrium state 
r =rectifying section 

r i  =pinch i in the rectifying section 
s =stripping section 

si =pinch i in the stripping section 
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Appendix A: Plate-to-Plate Calculations 
Balancing components and energy, the following equations 

can be formulated (Levy et al., 1985; Pollmann et al., 1994) 

D 
x , + - x D ;  n = l  ... n j ,  (Al) 

Ln 
y*(xn+l )  = __ L , + D  L , + D  

n f .  n = l  ... D QD hi+------ h,------. Ln h,V+, = - 
L , + D  L ,+D L,+D’  

If the product composition, the product flow rate, the con- 
denser duty, and the composition on plate n are given, all 
values on plate n + 1 can be calculated. Thus, the profile of 
the column section can be calculated successively from plute- 
to-plate starting at the product withdrawal. 

the determination of all solution branches, especially when 
branching between two solution branches occurs. To find all 
solution branches, continuation methods and bifurcation 
analysis (Seydel and HlavbEek, 1987) must be applied. How- 
ever, until now, a very simple continuation algorithm with a 
secant predictor and a Newton corrector was used for the 
calculations presented in this article. 

The Jacobian of the plate-to-plate equations ( J  = ax,+ 
ax,) has C - 1 positive eigenvalues Ai and corresponding 
eigenvectors. These eigenvalues describe the local behavior 
of plate-to-plate profiles in the vicinity of a pinch point. 
Eigenvalues greater than unity correspond to plate-to-plate 
profiles leaving the pinch in the direction of the correspond- 
ing unstable eigenvector. Eigenvalues smaller than unity cor- 
respond to stable eigenvectors and to approaching profiles 
(Pollmann et al., 1994; Julka and Doherty, 1990). 

In this article pinch points were classified as proposed by 
Julka and Doherty (1990). The name of a pinch point consists 
of a letter denoting the column section (s or r) and the num- 
ber of the unstable eigenvectors plus one. If two or more 
fixed points with the same classification occur, they are dif- 
ferentiated using a second letter (such as s2a and s2b in Fig- 
ure 12). 

Appendix C: Residue Curves Appendix 8: Pinch Points 
From a mathematical point of view, the plate-to-plate Eqs. 

Residue curves describe the change in composition of an A1 and A2 can be considered as an implicit recurrence: x,+ 
is a function of x,. Thus, they have fixed points where x,+ 
= x, (Levy et al., 1985; Pollmann et al., 1994) 

open still in simple distillation (Doherty and Perkins, 1978) 

dr 
D dt̂  

- = x - y*(x). (C1) 

They can be used to visualize the nonideal behavior of ternary 
mixtures. In Figure A1 residue curve maps and boiling sur- 
faces can be found for three ternary mixtures. 

(B1) 

h i  = - hD-- QD . (B2) 

L ,  

L,  

y*(xp)-- -- 
L , + D ~ ~ -  L , + D ~ ~ ;  

D 
L,+D L,+D L , t  D 

h$-- 

When product composition and flow rate are given, this set 
of equations still has one degree of freedom. Solving with 
different values of the condenser duty yields a curve in com- 
position state space, which can have multiple solution 
branches and bifurcation points. When the parameter con- 
denser duty is fixed, fixed points can be determined on each 
solution branch. 

At total reflux, each pure component and azeotrope is a 
fixed point. Thus, at total reflux, the number of fixed points 
equals the number of components plus the number of 
azeotropes. When reflux is decreased, some of the fixed points 
move on their solution branch outside the composition space, 
while others move inside. Thus, the number of fixed points 
changes with the reflux ratio. 

From a distillation point of view, the fixed points of the 
plate-to-plate recurrence correspond to pinch zones in the 
column profile. In a pinch zone the meeting vapor and liquid 
streams approach equilibrium. Thus, the driving force for 
mass transfer between the streams is vanishing and there is 
no change in composition over several stages. 

In literature many methods have been proposed to solve 
Eqs. B1 and B2 (such as Kohler et al., 1991; Aguirre and 
Espinosa, 1996; Pollmann and Blass, 1994; Julka and Do- 
herty, 1990). However, none of these methods can guarantee 

Appendix D: Secant Condition at Minimum Reflux 
Although not mentioned by Kohler et al. (19911, the secant 

condition at minimum reflux, stated by Julka and Doherty 
(19901, Appendix D, can give a physical explanation for the 
minimum angle criterion (MAC). Using balance equations for 
both the stripping and the rectifying section as well as for the 
feed tray, the secant condition 

with 

(D2) 

is obtained. (The index of plates in the rectifying section is m 
in the stripping section n. They are counted from the product 
withdrawal in direction of the feed plate. The feed plate is 
plate M of the rectifying and plate N of the stripping sec- 
tion: x j  = x M  = x N .  L‘ is the liquid stream in the rectifying 
section, and Ls in the stripping section. Both streams are 
assumed to be constant. The backward difference operator A 
is defined as follows: Ax ,  = x, - x k -  l.) Axb gives the differ- 
ence between the composition on the feed plate M and plate 
M - 1 and can be interpreted as a secant to the rectifying 
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profile. Ax;+, is a secant to the stripping profile. (In this 
case the secant lies between the feed stage N and stage N + 1. 
However, this plate will never be reached by the column pro- 
file, since it is part of the stripping section but lies above the 
feed stage. It can only be determined calculating plate-to- 
plate from the bottom upwards without introducing the feed.) 

Interpreting Eq. D1 geometrically yields that f lies in the 
plane spanned by AxL and Ax&+, through the point xf. If 
one of the profiles pinches at the feed tray, the correspond- 
ing secant vector is zero and the composition on the feed tray 
equals to the pinch composition. A pinch x; in the stripping 
section leads to 

Equation D1 holds 

The pinch composition, the composition on the plate above 
the feed plate and the point X are lying on a straight line, as 
can be seen in Figure A2 on the left. In this case f is not 
equal to x F ,  since the feed was introduced as vapor (qF = 0). 

A feed pinch in the rectifying section leads to 

From Eq. D1 can be derived 

Thus, the composition on plate N + 1, the pinch and i must 
lie on a straight line, as can be seen in Figure A2 on the 
right. Since the feed was introduced as boiling liquid (qF = 11, 
X is equal to the x F .  In the figure the real plates N-1 and 
N as well as the virtual plate N + 1 are depicted. 

Using the secant condition, a physical explanation of the 
MAC for special splits can be obtained: If a feed pinch oc- 
curs in one column section, f must lie on the extension of 
the profile of the other column section beyond the feed plate. 
If the profile of this column section can be approximated by 
the line through saddle pinch and feed plate f, the saddle 
and the feed plate (that is, the feed pinch) are lying on a 
straight line. Only if the feed is introduced as boiling liquid, 
Eq. D2 holds X = x F  and the MAC is fulfilled. For any other 

acetone acetone acetone 

benzene chloroform . benzene 

Figure A l .  Residue curve maps and boiling surfaces at 1.013 bar. 
Arrows indicate the direction of increasing time and parameter i. 
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benzene benzene 

0-xy lo1 toluene 

Figure A2. Secants of the column profile for a feed pinch in the stripping (left) and in the rectifying profile (right). 

thermal state of the feed, the MAC must be formulated us- 
ing i instead of x F .  

These considerations lead to the limitations of the MAC: 
In multicomponent distillation often more than one unstable 
eigenvector exists in the saddle pinch and the profile is curved 
between saddle and feed plate (such as in Figure 12). Thus, i 
and the two pinch points will not lie on a straight line. How- 
ever, the minimum of the angle between these points can 
often be used to approximate the minimum reflw condition. 

When no feed pinch occurs, the secant condition (Eq. D1) 
only states that 2 lies in the plane spanned by the secant 
vectors in the feed plate composition. However, a minimum 
of the angle spanned by i and the two pinch points cannot 
be proven. Further, the composition on the feed plate is not 
known. Thus, i, which must be used to formulate the MAC 
(see Figure A2, left), can only be determined for qF = 1 (see 
Eq. D2). 

Appendix E: Definition and Stability of Equilibrium 
States 

In opposition to many textbooks on thermodynamics we 
use a general definition of equilibrium as proposed by Gibbs 
(1906). With equilibrium, we denote a state, where driving 
forces for all exchange processes vanish, that is, p’ = p” ,  T’ = 

T“, p{ = p:. In this definition nothing is said about stability. 
Thus, equilibrium states can be distinguished according to the 
stability of the system (such as p ,  T-flash or U, V-flash) con- 
sidered at this state (note that the stability of different sys- 
tems does not need to be the same for the same state). How- 
ever, in literature on thermodynamics stability is often in- 
cluded in the definition of equilibrium neglecting unstable 
equilibrium states. 

In a closed system the condition (dS)u,v,N = 0 is equivalent 
to an equilibrium state (see, for example, Model1 and Reid, 
1983). Equilibrium states that correspond to a minimum of S 
can only be produced artificially and will not prevail, since 
they are not stable against small perturbations that are al- 
ways present due to statistical fluctuations. Saddle-type equi- 
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librium states can theoretically be reached, but are also un- 
stable to small perturbations and will thus not prevail for t -+ 

m. Only local maxima are stable against small perturbations. 
However, if finite disturbances are allowed, local maxima may 
also not prevail, depending on the strength of the disturb- 
ances and the properties of the system. Thus, for many sys- 
tems, only the global maxima of S is of interest (such as liq- 
uid-liquid equilibria). 

In a steady-state flow process the condition (dSirr)p,H,N = 0 
is equivalent to an equilibrium state (see below). The number 
of plates of a column section can be considered as a coordi- 
nate in analogy to the coordinate time of the closed system. 
Thus, for a bounded system (that is, a finite number of plates) 
unstable equilibrium states (minima and saddles of Sirr) can 
prevail. In addition, the steady-state flow process considered 
can be stabilized from outside (from the other half of the 
column), since one of the streams that are regarded as de- 
grees of freedom actually enters the balance. For a closed 
system, this is impossible, since it would require an influence 
from the future. For an unbounded system (an infinite col- 
umn section), only a stable equilibrium state, which corre- 
sponds to a maximum of Sir,, will prevail for the steady-state 
flow process. However, the stable equilibrium state must not 
be a global maximum. 

Note that the stability of equilibrium states (x, y, p ,  T )  ac- 
cording to the steady-state flow process does not correspond 
to the stability of the same state according to a closed system. 
In particular all pinch states calculated for this article are 
stable according to a closed system. 

Stationay points of entropy production 
It will be shown that the stationary points of the entropy 

production in a column section at steady state correspond to 
equilibrium states and thus to pinch points. The stationary 
points of the entropy production are characterized through 
the condition dS,,, = 0, where d denotes a variation of first 
order. 
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Figure A3. Balancing the rectifying section to calculate 

I ui, Tv, Hv, Sv 
the derivatives of S can be substituted by 

a@ asV aHV 
A,---'=O (E8; 

Applying Maxwell's relation for the total differential of the 
fundamental equation for the enthalpy to a steady-state flow 

-=--_ 
d T V  d T V  d T V '  

Process 

C 
dH=TdS+Vdp+ pkdNk (E9) 

the entropy production. 

The entropy production in a column section as depicted in 
Figure A3 can be expressed by and 

dQD 

TQ 
s. = S L - S V + S  -1-. Irr D 

(Ell) 

This gives 
However, S,,, is constrained by energy and component bal- 
ances: 

~ ( i _ - p : j + r , i . + A l ' = O  1 d H L  dH I- ; i = l  ... c 

- T" (au,- x )  - A,=- 

O =  H ~ -  H"+ H ~ - Q , ,  (E2) 

0 = 1 - v +  a. (E3) (E12) 

1 dHV dHV 
A , = O  ; = 1  ... C The degrees of freedom are the flow rates and temperatures 

ture, the condenser duty, the temperature at which the con- 
denser duty is supplied, and the column pressure shall be 
fixed. To find the stationary points of the entropy produc- 
tion, a Lagrange formulation is used 

of the passing streams. Product flow rates, product tempera- 

(El31 

(El41 
dHL 1 
aT" ( F  + A O )  = O  

w , ~ , T ~ , T ~ , A ~ ,  A ) = s ~ - s ~ + s ~  -/- ~ Q D  

TQ 

Now the derivatives of @ with respect to li, ui, T L ,  and T V  
are set to zero 

(E1.5) 

Inserting Eq. El6 in Eqs. El2 and El3 results after addition 
of both equations in a@ d S L  dHL 

- = - + A o - + A , : = O  ; 1 = 1  ... C (E5) 
ai, at, d l ,  

p:=p;; z=1 ... c. (El71 a@ asV d H V  

a U, a ~ ,  a v, Thus, the condition dS,,, = 0 corresponds to equilibrium 
states of the system. This is a generalization of the known 
fact that for reversible distillation (S,,, = 0) pinch solution 

Ao- - A , : = O  ; z=l  ... C _-  

( ~ 6 )  

+ A , y : = O  (E7) 
d@ d S L  J H L  branch and column profile coincide (Kohler et al., 1991). 

d T L  dTL  dT 
-=- 
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